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Abstract Wavelet transform or wavelet analysis is a recently developed mathemati-
cal tool in applied mathematics. In this paper, we develop an accurate and efficient Haar
transform or Haar wavelet method for some of the well-known nonlinear parabolic
partial differential equations. The equations include the Nowell-whitehead equation,
Cahn-Allen equation, FitzHugh-Nagumo equation, Fisher’s equation, Burger’s equa-
tion and the Burgers-Fisher equation. The proposed scheme can be used to a wide class
of nonlinear equations. The power of this manageable method is confirmed. Moreover
the use of Haar wavelets is found to be accurate, simple, fast, flexible, convenient,
small computation costs and computationally attractive.

Keywords Nonlinear parabolic equations · Haar wavelet method

1 Introduction

Nonlinear phenomena appear in a wide variety of scientific applications such as
plasma physics, solid state physics, optical fibers, biology, fluid dynamics and
chemical kinetics. The concepts like solitons, peakons, kinks, breathers, cusps
and compactons are now thoroughly investigated in the scientific literature [1,2].
A variety of powerful methods, such as inverse scattering method [3], bilinear
transformation [4], Backland transformation, a bilinear form [4], the tanh-sech
method [5–7], extended tanh method [6], sine-cosine method [8], homogeneous bal-
ance method [9], Exp-function method [10], the tanh method [11], Adomian decompo-
sition method [12], the tanh-coth method [13], Jacobi elliptic functions, and a Lax pair
[14] have been used independently by which soliton and multi-soliton solutions are
obtained. Recently, Haar wavelets have been applied extensively for signal processing
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in communications and research area in Physics, and have proved to be a wonderful
mathematical tool. Haar wavelet method is used to solve some of the nonlinear PDEs
given by

ut = uxx + αu + βun, (1)

ut = uxx + α + βenλu, (2)

ut = uxx − u (1 − u) (α − u), (3)

ut = uxx + αuux , (4)

and

ut = uxx + αuux + ku (1 − u) (5)

where α, β, k and λ are constants.
In solving ordinary differential equations by using Haar wavelet related method,

Chen and Hsiao [15] had derived an operational matrix of integration based on Haar
wavelet. Lepik [16–18] had solved higher order as well as nonlinear ODEs and some
nonlinear evolution equations by Haar wavelet method. Hariharan et al. [19] have
introduced the solution of Fisher’s equation by Haar wavelet method.

Equation (1) gives rise to three known models. For α = 1, β = −1 and n = 3,
Eq. (1) becomes the Cahn-Allen equation. It arises in many scientific applications such
as mathematical biology, quantum mechanics and plasma physics. It is well known
that wave phenomena of plasma media and fluid dynamics are modeled by kink shaped
and tanh solution or bell shaped sech solutions. The Cahn-Allen equation serves as
a model for the study of phase separation in isothermal, isotropic, binary mixtures
such as molten alloys. If n = 3 and the coefficient β is replaced by −β, then Eq. (1)
becomes the Newell-Whitehead equation. The Newell-Whitehead equation describes
the dynamical behavior near the bifurcation point for the Rayleigh-Benard convection
of binary fluid mixtures [20].

For n = 2 and β = −α, Eq. (1) reduces to the well-known Fisher’s equation.
The Fisher’s equation combines diffusion with logistic nonlinearity. This equation is
encountered in chemical kinetics and population dynamics, which includes problems
such as nonlinear evolution of a population in a one-dimensional habitat, neutron pop-
ulation in a nuclear reaction. Moreover, the same equation occurs in logistic popula-
tion growth models [21], flame propagation, neurophysiology, autocatalytic chemical
reactions, and branching Brownian motion processes. The mathematical properties of
Fisher’s Equation (FE) have been studied extensively and there have been numerous
discussions in the literature.

Equation (2) is a parabolic equation with exponential nonlinearity. Moreover,
Eqs. (3–5) represent the FitzHugh- Nagumo equation, the Burger’s equation and the
Burgers-Fisher equation respectively. The FitzHugh- Nagumo equation describes the
dynamical behavior near the bifurcation point for the Rayleigh-Benard convection of
binary fluid mixtures [20]. It is an important nonlinear reaction–diffusion equation and
applied to model the transmission of nerve impulses, also used in biology and the area
of population genetics, in circuit theory. The Burgers’ equation, which is a nonlinear
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partial differential equation of second order, is used in disciplines as a simplified model
for turbulence, boundary layer behavior, shock wave formation and mass transport.
The equation serves as a nonlinear analog of the fluid mechanics equations because
it has terms, which closely duplicate the physical properties, i.e., a convective term,
a diffusive term, and a time dependent term. Nonlinear Partial differential equations
(NLPDEs) arise in many fields of science, particularly in physics, engineering, chem-
istry and finance, and are fundamental for the mathematical formulation of continuum
models. The distinctive feature of the Burgers equation is that it is the simplest math-
ematical formulation of the competition between convection and diffusion. Another
feature of the Burgers equation is that although it does not have a pressure gradient
term it still is a good approximation of the propagation of one-dimensional distur-
bances. Performance of a numerical method can be judged from its ability to resolve
the large gradient region that develops in the solution. Many problems can be modeled
by the Burger’s equation. For example, the Burger’s equation can be considered as
an approach to the Navier-Stokes equation since both contains nonlinear term of the
type: unknown functions multiplied by a first derivative and they contain higher-order
terms multiplied by a small parameter.

Equations (1–5) arise in many scientific applications such as mathematical
biology, quantum mechanics and plasma physics. Ablowitz and Segur [3] have imple-
mented the inverse scattering transform method to handle the nonlinear equations of
physical significance. Mansour [22] showed that traveling wave solutions of a nonlin-
ear reaction-diffusion-chemotaxis model for bacterial pattern formation. Olmos and
Shizgal [23] have showed a pseudo-spectral method for solving Fisher’s equation.
Wazwaz [24] obtained the analytical solutions of the Burgers, Fisher, and Huxley
equations and combined forms of these equations. Rajendran and Senthamarai [25]
have established traveling wave solution of nonlinear coupled reaction-diffusion equa-
tion arising in mathematical chemistry. Kolmogorov et al. [26] showed that any initial
concentration which is one for large negative spatial variable x and vanishes for large
x , evolves to a traveling wave front with minimal velocity v = 2

√
k0. Different ini-

tial values propagate with different traveling waves, depending on the behavior at
x → ±∞.

We introduce a Haar wavelet method for solving the Equations (1–5) with the initial
and boundary conditions, which will exhibit several advantageous features:

(1) Very high accuracy fast transformation and possibility of implementation of fast
algorithms compared with other known methods.

(2) The simplicity and small computation costs, resulting from the sparsity of the
transform matrices and the small number of significant wavelet coefficients.

(3) The method is also very convenient for solving the boundary value problems,
since the boundary conditions are taken care of automatically.

Beginning from 1980’s, wavelets have been used for solution of partial differential
equations (PDE). The good features of this approach are possibility to detect singular-
ities, irregular structure and transient phenomena exhibited by the analyzed equations.
Most of the wavelet algorithms can handle exactly periodic boundary conditions. The
wavelet algorithms for solving PDE are based on the Galerkin techniques or on the
collocation method.
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Evidently all attempts to simplify the wavelet solutions for PDE are welcome. One
possibility for this is to make use of the Haar wavelet family. Haar wavelets (which
are Daubechies of order 1) consists of piecewise constant functions and are therefore
the simplest orthonormal wavelets with a compact support. A drawback of the Haar
wavelets is their discontinuity. Since the derivatives do not exist in the breaking points
it is not possible to apply the Haar wavelets for solving PDE directly. There are two
possibilities for getting out of this situation. One way is to regularize the Haar wavelets
with interpolating splines (e.g. B-splines or Deslaurier-Dabuc interpolating wavelets).
This approach has been applied by Cattani [27]. The other way is to make use of the
integral method, which was proposed by Chen and Hsiao [15]. There are some useful
discussions by other researchers [28,29].

The advantages of computational and memory requirements of the Haar transform
make it use of a considerable interest to VLSI designers as well. The use of this set of
CAD tools allowed the derivation of strategies for testing MOS circuits when mem-
ory states were encountered as a consequence of some type of faults. The advantage
of using Haar functions instead of Walsh functions in CAD system based on spectra
methods for some classes of Boolean functions was shown in [30,31]. For example,
the analysis in [30] shows that the spectral complexity of conjunction and disjunction
increases with the number of variables, exponentially for the Walsh functions and only
linearly for the Haar functions. Karpovsky [30] noticed that the size of the memory
block can be optimized only when the Haar series is used.

The paper is organized the following way. For completeness sake the Haar wavelet
method is presented in Sect. 2. Function approximation is presented in Sect. 3. The
method of solution of the general nonlinear parabolic PDE, the parabolic equation
with exponential nonlinearity, the Fitzhugh-Nagumo equation, the Burgers’ equation
and the Burgers-Fisher equation are proposed in Sect. 4. Concluding remarks are given
in Sect. 5.

2 Haar wavelets

Haar functions have been used from 1910 when they were introduced by the Hungarian
mathematician Alfred Haar [32]. The Haar transform is one of the earliest examples
of what is known now as a compact, dyadic, orthonormal wavelet transform. The Haar
function, being an odd rectangular pulse pair, is the simplest and oldest orthonormal
wavelet with compact support. In the mean time, several definitions of the Haar func-
tions and various generalizations have been published and used. They were intended
to adopt this concept to some practical applications as well as to extend its in appli-
cations to different classes of signals. Haar functions appear very attractive in many
applications as for example, image coding, edge extraction, and binary logic design.

After discretizing the differential equations in a conventional way like the finite
difference approximation, wavelets can be used for algebraic manipulations in the
system of equations obtained which lead to better condition number of the resulting
system.

The pioneer work in system analysis via Haar wavelets was done by Chen and
Hsiao [15], who first derived a Haar operational matrix for the integrals of the Haar
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Fig. 1 First eight Haar functions and their integrals

function vector and paved the way for the Haar analysis of dynamic systems. The
fundamental work in states analysis and parameters estimation of bilinear systems
via Haar wavelets was done by of Hsiao, who first derived a Haar product matrix
and a coefficient matrix. Hsiao and Wang [29] proposed a key idea to transform the
time-varying function and its product with the states into a Haar product matrix.

The orthogonal set of Haar function hi (x) is shown in Fig. 1. This is a group of
square waves with magnitudes of ±1 in certain intervals and zeros elsewhere.

For applications of the Haar transform in logic design, efficient ways of calculating
the Haar spectrum from reduced forms of Boolean functions are needed.

The Haar wavelet family for x ∈ [0, 1] is defined as follows.

hi (x) =

⎧
⎪⎪⎨

⎪⎪⎩

1, for x ∈
[

k
m ,

k+0.5
m

)

−1, for x ∈
[

k+0.5
m , k+1

m

)

0, elsewhere

(6)

Integer m = 2 j ( j = 0, 1, 2, . . . , J ) indicates the level of the wavelet; k =
0, 1, 2, . . . , m − 1 is the translation parameter. Maximal level of resolution is J . The
index i is calculated according the formula i = m + k + 1; in case of minimal values.
m = 1, k = 0 we have i = 2, the maximal value of i is 2M = 2J+1. It is assumed that
the value i = 1 corresponds to the scaling function for which h1 ≡ 1 in [0, 1]. Let us
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define the collocation points xl = (l − 0.5)/2M, (l = 1, 2, . . . , 2M) and discretise
the Haar function hi (x); in this way we get the coefficient matrix H(i, l) = (hi (xl)),
which has the dimension 2M × 2M .

In the wavelet analysis for a dynamic system, all functions need to be transformed
into Haar series. Since the differentiation of Haar wavelets always results in impulse
functions, which should be avoided, the integration of Haar wavelets is preferred,
which should be expandable into Haar series with Haar coefficient matrix P [15].

It is assumed that the value i = 1 corresponds to the scaling function for which

hi (x) =
{

1 for x ∈ [−1, 1),

0 elsewhere

The operational matrix of integration P , which is a 2M square matrix, is defined by
the equation

Pi (x) =
x∫

0

hi (x)dx, x ∈ [0, 1), (7)

In Sect. 4 the second order differential equation was replaced with of system of
first order equations. Here another variant of solution is demonstrated, by which the
second order equation is directly solved. For this purpose the integral operator Q is
introduced.

Qi (x) =
x∫

0

Pi (x) dx (8)

This integral can be evaluated according to (6). For instance for 2M = 4 we have

Q H = 1

128

⎡

⎢
⎢
⎣

1 9 25 49
1 9 23 31
1 7 8 8
0 0 1 7

⎤

⎥
⎥
⎦

The elements of the matrices H, P and Q can be evaluated according to (6), (7)
and (8).

H2 =
(

1 1
1 −1

)

, P2 = 1

4

(
2 −1
1 0

)

H4 =

⎡

⎢
⎢
⎣

1 1 1 1
1 1 −1 −1
1 −1 0 0
0 0 1 −1

⎤

⎥
⎥
⎦, P4 = 1

16

⎡

⎢
⎢
⎣

8 −4 −2 −2
4 0 −2 2
1 1 0 0
1 −1 0 0

⎤

⎥
⎥
⎦
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P8 = 1

64

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

32 −16 −8 −8 −4 −4 −4 −4
16 0 −8 8 −4 −4 4 4
4 4 0 0 −4 4 0 0
4 4 0 0 −4 4 0 0
1 1 2 0 0 0 0 0
1 1 −2 0 0 0 0 0
1 −1 0 2 0 0 0 0
1 −1 0 −2 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Chen and Hsiao [15] derived that the following matrix equation for calculating the
matrix P of order m holds

P(m) = 1

2m

(
2m P(m/2) −H(m/2)

H−1
(m/2) O

)

where O is a null matrix of order m
2 × m

2 ,

H(m×m)�
[
hm(x0), hm(x1), . . . , hm(xm−1)

]
(9)

and i
m ≤ t <

(i+1)
m and H−1

(m×m) = 1
m H T

(m×m)diag(r)

Here a diagonal matrix diag (r) is defined as diag (r)
�=

⎛

⎜
⎝

r1 0
. . .

0 rn

⎞

⎟
⎠ , r is the

row vector (or column vector) with elements r1, r2, . . . , rn .
It should be noted that calculations for P(m) and H(m) must be carried out only

once; after that they will be applicable for solving whatever differential equations.
The fast capability of HT should be impressive. Since H and H−1 contain many

zeros, this phenomenon makes the Haar transform faster than the Fourier transform,
and it is even faster than the Walsh transform. This is one of the reasons for rapid
convergence of the Haar wavelet series. The numbers of additions and multiplications
for these three transforms are shown in Table 1.

In practical applications, a small number of terms increases the calculation speed
and saves memory storage; a large number of terms improve resolution accuracy.
Therefore, a trade-off between calculation speed, memory saving, and the resolution
accuracy has been considered in the analysis.

Table 1 Comparison of algorithmic complexity of the of the proposed method with FFT and WT

Series Numbers of additions Numbers of multiplications

Haar transform (HT) 2m − 2 m

Walsh transform (WT) m log2 m m

Fast fourier transform (FFT) m log2 m m
(
log2 m + 1

)
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3 Function approximation

Any square integrable function y(x) in the interval [0, 1) can be expanded by a Haar
series of infinite terms

y(x) =
∞∑

i=0

ci hi (x), i ∈ {0} ∪ N , (10)

where the Haar coefficients ci are determined as,

c0 =
1∫

0

y(x)h0 (x) dx, cn = 2 j

1∫

0

y(x)hi (x)dx,

(11)
i = 2 j + k, j ≥ 0, 0 ≤ k < 2 j , x ∈ [0, 1)

such that the following integral square error ε is minimized:

ε =
1∫

0

[

y (x) −
m−1∑

i=0

ci hi (x)

]2

dx, m = 2 j , j ∈ {0} ∪ N .

Usually, the series expansion of (11) contains infinite terms for smooth y(x). If
y(x) is piecewise constant by itself, or may be approximated as piecewise constant
during each subinterval, then y(x) will be terminated at finite m terms, that is

y(x) =
m−1∑

i=0

ci hi (x) = cT
(m)h(m)(x) (12)

where the coefficients cT
(m) and the Haar function vector h(m)(x) are defined as

cT
(m) = [c0, c1, . . . , cm−1]

and h(m)(x) = [h0(x), h1(x), . . . , hm−1(x)]T where ‘T’ means transpose and m = 2 j .

4 The general nonlinear parabolic PDEs

The general nonlinear parabolic equation is of the form

ut = uxx + αu + βun (13)

with the initial condition u(x, 0) = f (x), 0 ≤ x ≤ 1 and the boundary conditions
u(0, t) = g0(t), u(1, t) = g1(t), 0 < t ≤ T
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Let us divide the interval (0,1] into N equal parts of length �t = (0, 1]/N and
denote ts = (s − 1)�t, s = 1, 2, . . . , N . We assume that u̇′′(x, t) can be expanded
interms of Haar wavelets as formula

u̇′′(x, t) =
m−1∑

i=0

cs(i)hi (x) = cT
(m)h(m)(x) (14)

where · and ′ means differentiation with respect to t and x respectively, the row vector
cT
(m) is constant in the subinterval t ∈ (ts, ts+1]

Integrating formula (14) with respect to t from ts to t and twice with respect to x
from 0 to x , we obtain

u′′(x, t) = (t − ts)c
T
(m)h(m)(x) + u′′(x, ts) (15)

u(x, t) = (t − ts)c
T
(m)Q(m)h(m)(x)

+u(x, ts) − u(0, ts) + x[u′(0, t) − u′(0, ts)] + u(0, t) (16)

u̇(x, t) = cT
(m)Q(m)h(m)(x) + xu̇′(0, t) + u̇(0, t) (17)

With the boundary conditions, we obtain

u(0, ts) = g0(ts), u(1, ts) = g1(ts)

u̇(0, t) = g′
0(t), u̇(1, t) = g′

1(t)

Putting x = 1 in formulae (16) and (17), we have

u′(0, t) − u′(0, ts) = −(t − ts)c
T
(m) P(m)h(m)(x) + g1(t) − g0(t)

−g1(ts) + g0(ts) (18)

u̇′(0, t) = g′
1(t) − cT

(m)Q(m)h(m)(x) f − g′
0(t) (19)

where the vector f is defined as

f = [1, 0, . . . , 0
︸ ︷︷ ︸

(m−1)elements

]T

Substituting formulae (18) and (19) into formulae (15–17), and discretizising the
results by assuming x → xl , t → ts+1 we obtain

u′′(xl , ts+1) = (ts+1 − ts)c
T
(m)h(m) (xl) + u′′(xl , ts) (20)

u(xl , ts+1) = (ts+1 − ts)c
T
(m)Q(m)h(m)(xl) + u(xl , ts) − g0(ts) + g0(ts+1)

+xl [−(ts+1 − ts)c
T
(m) P(m) f + gl(ts+1)

−g0(ts+1) − g1(ts) + g0(ts)] (21)
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u̇(xl , ts+1) = cT
(m)Q(m)h(m)(x) + g′

0(ts+1)

+xl [−cT
(m) P(m) f + g′

1(ts+1) − g′
0(ts+1)] (22)

There are several possibilities for treating the nonlinearity in Eq. (13). In the following
the scheme

u̇(xl , ts+1) = u′′(xl , ts+1) + αu(xl , ts+1) + βun (xl , ts+1) (23)

which leads us from the time layer ts to ts+1 is used.
Substituting formulae (20–22) into the formula (23), we gain

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) + αu(xl , ts+1) + βun (xl , ts+1) (24)

From formula (24) the wavelet coefficients cT
(m) can be successively calculated.

For clarity in the illustrative example, we assume that n = 2 and β = −α.
Equation (1) reduces to the well-known Fisher’s equation. The Fisher’s equation

combines diffusion with logistic nonlinearity.

ut = uxx + αu (1 − u), 0 < x < 1

subject to the initial condition

u (x, 0) = 1

(1 + ex )2 .

The exact solution in a closed form is given by

u(x, t) = 1
(

1 + e

(√
α
6

)
x− 5

6 αt
)2

In the following the scheme

u̇ (xl , ts+1) = u′′ (xl , ts+1) + αu (xl , ts+1)
[
1 − u (xl , ts+1)

]

which leads us from the time layer ts to ts+1 is used.
Substituting formulae (20–22) into the above formula, we gain

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) + αu(xl , ts+1)
[
1 − un (xl , ts+1)

]

From the above formula the wavelet coefficients cT
(m) can be successively calculated.
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Fig. 2 Comparison between exact and Haar solution of Fisher’s equation for x = 5 and m = 16

This process is started with

u (xl , ts) = 1

(1 + ex )2 ,

u′ (xl , ts) = −2ex

(1 + ex )3 ,

u′′ (xl , ts) = −2

[
ex − 2e2x

(1 + ex )4

]

.

It is worth noting that applying the scheme proposed above for the Fisher’s equation
ut = uxx + αu (1 − u), the solution u(x, t) = 1

(

1+e

(√
α
6

)
x− 5

6 αt
)2 can be compared

with the Haar solution.
The Haar solution and the analytical solution have been drawn together in the

Figs. 2 and 3 for space variable x = 5, 20 and for t ∈ [0, 1). Computer simulation
was carried out in the case of m = 16. The computed results were compared with the
exact solution. More accurate results can be obtained by using larger m. Comparison
with these algorithm shows that the Haar wavelet method is competitive and efficient.
The advantages of our method are its simplicity and speed of convergence, which is
caused from the sparseness of the transform matrices H, P, Q.

In Fig. 4a, the good agreement between the numerical results and the analytic solu-
tion with α = 2000 and 40 collocation points is shown. In order to get a stable and
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Fig. 3 Comparison between exact and Haar solution of Fisher’s equation for x = 20 and m = 16

Fig. 4 Time dependent profiles versus x for α and for times (a) t = 0.002, 0.003, 0.004, 0.005, 0.006;
(b) t = 0.0005, 0.0015, 0.0025, 0.0035, 0.0045

accurate solution for α = 5000 shown in Fig. 4b, the number of points had to be
increased from 40 to 64 collocation points.

All the numerical experiments presented in this section were computed in double
precision with some MATLAB codes on a personal computer System with Processor
Intel(R) Core(TM) 2 Duo CPU T5470 @ 1.60 GHz(2CPUs) and 1 GB RAM.

4.1 Parabolic equation with exponential nonlinearity

Consider the following parabolic equation with exponential nonlinearity:

ut = uxx + α + βenλu (25)

with the initial condition u(x, 0) = f (x), 0 ≤ x ≤ 1 and the boundary conditions
u(0, t) = g0(t), u(1, t) = g1(t), 0 < t ≤ T

Let us divide the interval (0,1] into N equal parts of length �t = (0, 1]/N and
denote ts = (s − 1)�t, s = 1, 2, . . . , N . We assume that u̇′′(x, t) can be expanded
interms of Haar wavelets as formula
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u̇′′(x, t) =
m−1∑

i=0

cs(i)hi (x) = cT
(m)h(m)(x) (26)

where. and ′ means differentiation with respect to t and x respectively, the row vector
cT
(m) is constant in the subinterval t ∈ (ts, ts+1]

Integrating formula (26) with respect to t from ts to t and twice with respect to x
from 0 to x , we obtain

u′′(x, t) = (t − ts)c
T
(m)h(m)(x) + u′′(x, ts) (27)

u(x, t) = (t − ts)c
T
(m)Q(m)h(m)(x) + u(x, ts) − u(0, ts)

+x[u′(0, t) − u′(0, ts)] + u(0, t) (28)

u̇(x, t) = cT
(m)Q(m)h(m)(x) + xu̇′(0, t) + u̇(0, t) (29)

Using the boundary conditions, we obtain

u(0, ts) = g0(ts), u(1, ts) = g1(ts)

u̇(0, t) = g′
0(t), u̇(1, t) = g′

1(t)

Putting x = 1 in formulae (28) and (29), we have

u′(0, t) − u′(0, ts) = −(t − ts)c
T
(m) P(m)h(m)(x)

+g1(t) − g0(t) − g1(ts) + g0(ts) (30)

u̇′(0, t) = g′
1(t) − cT

(m)Q(m)h(m)(x) f − g′
0(t) (31)

where the vector f is defined as

f = [1, 0, . . . , 0
︸ ︷︷ ︸

(m−1)elements

]T

Substituting formulae (30) and (31) into formulae (27–29), and discretizising the
results by assuming x → xl , t → ts+1 we obtain

u′′(xl , ts+1) = (ts+1 − ts)c
T
(m)h(m) (xl) + u′′(xl , ts) (32)

u(xl , ts+1) = (ts+1 − ts)c
T
(m)Q(m)h(m)(xl) + u(xl , ts) − g0(ts) + g0(ts+1)

+xl [−(ts+1 − ts)c
T
(m) P(m) f + gl(ts+1)

−g0(ts+1) − g1(ts) + g0(ts)] (33)

u̇(xl , ts+1) = cT
(m)Q(m)h(m)(x) + g′

0(ts+1) + xl [−cT
(m) P(m) f

+g′
1(ts+1) − g′

0(ts+1)] (34)

123



J Math Chem (2010) 48:1044–1061 1057

There are several possibilities for treating the nonlinearity in Eq. (25). In the following
the scheme

u̇(xl , ts+1) = u′′(xl , ts+1) + α + βenλu(xl ,ts+1) (35)

which leads us from the time layer ts to ts+1 is used.
Substituting formulae (32–34) into the formula (35), we gain

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) + α + βenλu(xl ,ts+1) (36)

From formula (36) the wavelet coefficients cT
(m) can be successively calculated.

4.2 The FitzHugh-Nagumo equation

We consider the FitzHugh-Nagumo equation

ut = uxx − u (1 − u) (α − u) (37)

with the initial condition u(x, 0) = f (x), 0 ≤ x ≤ 1 and the boundary conditions
u(0, t) = g0(t), u(1, t) = g1(t), 0 < t ≤ T

A similar procedure applied in Sect. 4.1 leads to the following scheme

u′′(xl , ts+1) = (ts+1 − ts)c
T
(m)h(m) (xl) + u′′(xl , ts) (38)

u(xl , ts+1) = (ts+1 − ts)c
T
(m)Q(m)h(m)(xl) + u(xl , ts) − g0(ts) + g0(ts+1)

+xl [−(ts+1 − ts)c
T
(m) P(m) f + gl(ts+1)

−g0(ts+1) − g1(ts) + g0(ts)] (39)

u̇(xl , ts+1) = cT
(m)Q(m)h(m)(x) + g′

0(ts+1) + xl [−cT
(m) P(m) f

+g′
1(ts+1) − g′

0(ts+1)] (40)

u̇(xl , ts+1) = u′′(xl , ts+1) − u(xl , ts+1)
[
1 − u(xl , ts+1)

] [
α − u(xl , ts+1)

]
(41)

Substituting formulae (38–40) into the formula (41), we obtain

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) − u(xl , ts+1)
[
1 − u(xl , ts+1)

] [
α − u(xl , ts+1)

]
(42)

From formula (42) the wavelet coefficients cT
(m) can be successively calculated.

The results in the present paper for Fisher’s equation, a prototypical reaction–diffu-
sion equation, will play an important role in the application of Haar wavelet methods
to more complex physical systems such as the Fitzhugh–Nagumo equation [33].
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4.3 The Burgers’ equation

We consider the Burgers’ equation

ut = uxx + αuux (43)

with the initial condition u(x, 0) = f (x), 0 ≤ x ≤ 1 and the boundary conditions
u(0, t) = g0(t), u(1, t) = g1(t), 0 < t ≤ T

A similar procedure applied in Sect. 4.1 leads to the following scheme

u̇(xl , ts+1) = u′′(xl , ts+1) + αu(xl , ts+1)u
′(xl , ts+1) (44)

Then

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) + αu(xl , ts+1)u
′(xl , ts+1) (45)

From formula (45) the wavelet coefficients cT
(m) can be successively calculated.

For clarity in the illustrative example, we consider the Burgers’ equation

ut + uux = vuxx , x ∈ [0, 1] , t > 0,

subject to u (x, 0) = sin 2πx, u (0, t) = u (1, t) = 0.

The exact solution in a closed form is given by

u(x, t) = 2πv
∑∞

n=1 ane−n2π2vt n sin(nπx)

a0 + ∑∞
n=1 ane−n2π2vt cos(nπx)

In the following the scheme

u̇(xl , ts+1) + u(xl , ts+1)u
′(xl , ts+1) = vu′′(xl , ts+1)

which leads us from the time layer ts to ts+1 is used.
The Haar wavelet scheme is given by

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= vu′′(xl , ts+1) − u(xl , ts+1)u
′(xl , ts+1)

From the above formula the wavelet coefficients cT
(m) can be successively calculated.

This process is started with

u (xl , ts) = sin [2πx (l)],

u′ (xl , ts) = 2π cos [2πx (l)],

u′′ (xl , ts) = −4π2 sin [2πx (l)].
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It is worth noting that applying the scheme proposed above for the Burgers’ equation

ut + uux = vuxx , the exact solution u(x, t) = 2πv
∑∞

n=1 ane−n2π2vt n sin(nπx)

a0+∑∞
n=1 ane−n2π2vt cos(nπx)

can be

compared with the Haar solution.
More accurate results can be obtained by using larger m. Comparison with these

algorithms shows that the Haar wavelet method is competitive and efficient.

4.4 The Burgers-Fisher equation

We consider the Burgers-Fisher equation

ut = uxx + αuux + ku (1 − u) (46)

with the initial condition u(x, 0) = f (x), 0 ≤ x ≤ 1 and the boundary conditions
u(0, t) = g0(t), u(1, t) = g1(t), 0 < t ≤ T

A similar procedure applied in Sect. 4.1 leads to the following scheme

u′′(xl , ts+1) = (ts+1 − ts)c
T
(m)h(m) (xl) + u′′(xl , ts) (47)

u′(xl , ts+1) = (ts+1 − ts)c
T
(m) P(m)h(m)(xl) + u′(xl , ts) − (ts+1 − ts)c

T
(m) P(m) f

(48)

u(xl , ts+1) = (ts+1 − ts)c
T
(m)Q(m)h(m)(xl) + u(xl , ts) − g0(ts) + g0(ts+1)

+xl [−(ts+1 − ts)c
T
(m) P(m) f + gl(ts+1) − g0(ts+1)

−g1(ts) + g0(ts)] (49)

u̇(xl , ts+1) = cT
(m)Q(m)h(m)(x) + g′

0(ts+1) + xl [−cT
(m) P(m) f + g′

1(ts+1)

−g′
0(ts+1)] (50)

In the following the scheme

u̇(xl , ts+1) = u′′(xl , ts+1) + αu(xl , ts+1)u
′(xl , ts+1)

+ku(xl , ts+1)
[
1 − u(xl , ts+1)

]
(51)

which leads us from the time layer ts to ts+1 is used.
Substituting Eqs. (47–50) into the equation (51), we obtain

cT
(m)Q(m)h(m)(xl) + xl [−cT

(m) P(m) f + g′
1(ts+1) − g′

0(ts+1)] + g′
0(ts+1)

= u′′(xl , ts+1) + αu(xl , ts+1)u
′(xl , ts+1) + ku(xl , ts+1)

[
1 − u(xl , ts+1)

]
(52)

From formula (52) the wavelet coefficients cT
(m) can be successively calculated.

More accurate results can be obtained by using larger m. Comparison with these
algorithms shows that the Haar wavelet method is competitive and efficient.
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5 Conclusion

The theoretical elegance of the Haar wavelet approach can be appreciated from the
simple mathematical relations and their compact derivations and proofs. It has been
well demonstrated that in applying the nice properties of Haar wavelets, the differential
equations can be solved conveniently and accurately by using Haar wavelet method
systematically. According to this method the spatial operators are approximated by
the Haar wavelet method and the time derivation operators by the finite difference
method The main advantages of this method is its simplicity and small computation
costs: it is due to the sparcity of the transform matrices and to the small number of
significant wavelet coefficients. In comparison with existing numerical schemes used
to solve the nonlinear parabolic equations, the scheme in this paper is an improvement
over other methods in terms of accuracy. It is worth mentioning that Haar solution
provides excellent results even for small values of m (m = 16). For larger values of
m (ie., m = 32, m = 64, m = 128, m = 256), we can obtain the results closer to the
real values. The method with far less degrees of freedom and with smaller CPU time
provides better solutions than classical ones.

The main goal of this work is to apply the Haar wavelet method to some well-
known nonlinear parabolic equations that appear in many scientific applications. The
work also confirmed the power of the Haar wavelet method in handling nonlinear
equations in general. This method can be easily extended to find the solution of all
other non-linear parabolic equations. Another benefit of our method is that the scheme
presented here, with some modifications, seems to be easily extended to solve model
equations including more mechanical, physical or biophysical effects, such as nonlin-
ear convection, reaction, linear diffusion and dispersion. The complexity with respect
to 3 dimensional spatial variable for solving other nonlinear parabolic problems can
be solved easily. Use of Haar wavelets for solving other type of nonlinear parabolic
equation is presently ongoing.
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7. E. Yusufoğlu, A. Bekir, Exact solutions of coupled nonlinear evolution equations. Chaos, Solitons

Fractals 37(3), 842 (2008)
8. A.M. Wazwaz, A sine–cosine method for handling nonlinear wave equations. Math. Comput.

Model. 40, 499 (2004)
9. E. Fan, H. Zhang, A note on the homogeneous balance method. Phys. Lett. A 246, 403 (1998)

10. S. Zhang, Application of exp-function method to a KdV equation with variable coefficients. Phys. Lett.
A 365, 448 (2007)

123



J Math Chem (2010) 48:1044–1061 1061

11. A.M. Wazwaz, The tanh method for travelling wave solutions of nonlinear equations. Appl. Math.
Comput. 154(3), 713 (2004)

12. A.M. Wazwaz, An analytical study of Fisher’s equation by using Adomian decomposition
method. Appl. Math. Comput. 154, 609–620 (2004)

13. A.M. Wazwaz, The tanh–coth method for solitons and kink solutions for nonlinear parabolic equa-
tions. J. Appl. Math. Comput. 188, 1467 (2007)

14. P.D. Lax, Integrals of nonlinear equations of evolution and solitary waves. Commun. Pure Appl.
Math. 62, 467–490 (1968)

15. C.F. Chen, C.H. Hsiao, Haar wavelet method for solving lumped and distributed-parameter sys-
tems. IEEE Proc. Pt. D 144(1), 87–94 (1997)

16. U. Lepik, Numerical solution of evolution equations by the Haar wavelet method. J. Appl. Math.
Comput. 185, 695–704 (2007)

17. U. Lepik, Numerical solution of differential equations using Haar wavelets. Math. Comput.
Simul. 68, 127–143 (2005)

18. U. Lepik, Application of the Haar wavelet transform to solving integral and differential equations. Proc.
Estonian Acad. Sci. Phys. Math. 56(1), 28–46 (2007)

19. G. Hariharan, K. Kannan, K.R. Sharma, Haar wavelet method for solving Fisher’s equation. Appl.
Math. Comput. 211, 284–292 (2009)

20. H.C. Rosu, O. Cornejo-Pe’rez, Super symmetric pairing of kinks for polynomial nonlinearities. Phys.
Rev. E 71, 1–13 (2005)

21. P. Brazhnik, J. Tyson, On traveling wave solutions of Fisher’s equation in two spatial dimensions. SIAM
J. Appl. Math. 60(2), 371–391 (1999)

22. M.B.A. Monsour, Travelling wave solutions of a nonlinear reaction-diffusion-chemotaxis model for
bacterial pattern formation. Appl. Math. Model. 32, 240–247 (2008)

23. D. Olmos, B.D. Shizgal, A pseudospectral method of solution of Fisher’s equation. J. Comput. Appl.
Math. 193, 219–242 (2006)

24. A.M. Wazwaz, Analytical study on Burgers, Fisher, Huxley equations and combined forms of these
equations. J. Appl. Math. Comput. 195, 754–761 (2008)

25. L. Rajendran, R. Senthamarai, Traveling-wave solution of non-linear coupled reaction-diffusion equa-
tion arising in mathematical chemistry. J. Math. Chem. 46, 550–561 (2009)

26. A. Kolmogorov, I. Petrovsky, N. Piskunov, Etude de l’equation de la diffusion avec croissance de
la quantite de matiere et son application a un probleme biologique. Moscow Bull. Univ. Math. 1,
1–25 (1937)

27. C. Cattani, Haar wavelet spline. J. Interdisciplinary Math. 4, 35–47 (2001)
28. G. Hariharan, K. Kannan, K.R. Sharma, Haar wavelet in estimating depth profile of soil tempera-

ture. Appl. Math. Comput. 210, 119–125 (2009)
29. C.H. Hsiao, W.J. Wang, Haar wavelet approach to nonlinear stiff systems. Math. Comput.

Simul. 57, 347–353 (2001)
30. M.G. Karpovsky, Finite Orthogonal Series in the Design of Digital Devices (Wiley, New York, 1976)
31. L.A. Zalmonzon, Fourier, Walsh, and Haar Transforms and Their Applications in Control, Communi-

cation and other Fields (Nauka, Moscow, 1989) (in Russian)
32. A. Haar, Zur theorie der orthogonalen Funktionsysteme. Math. Annal 69, 331–371 (1910)
33. R. Fitzhugh, Impulses and physiological states in theoretical models of nerve membrane. Biophys.

J. 1, 445–466 (1961)

123


	Haar wavelet method for solving some nonlinear Parabolic equations
	Abstract
	1 Introduction
	2 Haar wavelets
	3 Function approximation
	4 The general nonlinear parabolic PDEs
	4.1 Parabolic equation with exponential nonlinearity
	4.2 The FitzHugh-Nagumo equation
	4.3 The Burgers' equation
	4.4 The Burgers-Fisher equation

	5 Conclusion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


